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Abstract. In this paper, we define the topological pressure for sub- 
additive potential via separated sets in random dynamical systems and 
give a proof of the relativized variational principle for the topological 
pressure. 
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1 Introduction. 

The setup consists of a probability space (Q,W, P), together with a P— preserving 
transformation i?, of a compact metric space X together with the distance function d 
and the Borel o— algebra Bx, and of a measurable set E C Q x X and such that all 
the fibers ( sometimes called o;-sections ) E^ = {x E X \ (ou, x) e £} are compact. We 
assume W is complete, countably generated, and separates points, and so (Q, W, P) is a 
Lebesgue space. A continuous bundle RDS over (Q, W, P, #) is generated by mappings 
T w : £ u — > with iterates = T^n-i^ ■ ■ • T^T^, n > 1, so that the map (ui, x) \— > T w x 
is measurable and the map x i— > T^x is continuous for P- almost all a;, here and in what 
follows we think of E u being equipped with the trace topology, i.e. an open set A C £ u 
is of the form A = B (1 E^ with some open set B C X. The map 

: E -> £, 0(cj,x) = (?V>,7» 

is called the skew product transformation. 
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Let Lg(Q, C(X)) denote the collection of all integrable random continuous functions 
on fibers, i.e. a measurable / : £ — > R is a member of L\{VL, C(X)) if f(u, •) : £ u — > R 
is continuous and ||/|| := L |/(a;)| 0O dP(a;) < oo, where |/(c^) |oo = snp xe£w \f(u,x)\. If 
we identify / and g provided ||/ — g\\ = 0, then L\(Q, C(X)) becomes a Banach space 
with the norm || • ||. 

The family T = {f n }^ =1 of integrable random continuous functions on £ is called 
sub- additive if for P-almost all u, 

f n +m{u),x) < f n (u,x) + f m (Q n (uj,x)) for all x e £ w . 

In the special case in which the ^-invariant measure P is a Dirac-5 measure sup- 
ported on a single fixed point {p}, it reduces to the case in which T : X — > X is a 
standard deterministic dynamical system. 

In deterministic dynamical systems T : X — > X, the topological pressure for addi- 
tive potential was first introduced by Ruelle [15] for expansive maps acting on compact 
metric spaces. In the same paper he formulated a variational principle for the topolog- 
ical pressure. Later Walters [TB] generalized these results to general continuous maps 
on compact metric spaces. The theory about the topological pressure, variational prin- 
ciple and equilibrium states plays a fundamental role in statistical mechanics, ergodic 
theory and dynamical systems. The fact that the topological pressure is a character- 
istic of dimension type was first noticed by Bowen [5]. Since then, it has become the 
main tool in studying dimension of invariant sets and measure for dynamical systems 
and the dimension of cantor-like sets in dimension theory. 

In [6], authors generalize Ruelle and Walters's result to sub-multiplicative potentials 
in general compact dynamical systems. They define the sub-multiplicative topological 
pressure and give a variational principle for the sub-multiplicative topological pressure. 
Then in [7] , author uses the variational principle for the sub-multiplicative topological 
pressure to give an upper bound estimate of Hausdorff dimension for nonconformal 
repeller, which generalizes the results by Falconer in [8], Barreira in PQ[2], and Zhang 
in [33]. 

We point out that Falconer had some earlier contributions in the study of thermo- 
dynamic formalism for sub-additive potentials. In J9], Falconer considered the ther- 
modynamic formalism for sub-additive potentials on mixing repellers. He proved the 
variational principle about the topological pressure under some Lipschitz conditions 
and bounded distortion assumptions on the sub-additive potentials. More precisely, he 
assumed that there exist constants M, a, b > such that 
11 

- |log/„(ar)| < M, - \log f n (x) -log f n (y)\ <a\x-y\, \/x,y G X,n e M 
n n 

and \ \og f n {x) — log | < b whenever x, y belong to the same n-cylinder of the 
mixing repeller X. 



2 



In deterministic case, the thermodynamic formalism based on the statistical me- 
chanics notions of pressure and equilibrium states plays an important role in the study 
of chaotic properties of random transformations. The first version of the relativized 
variational principle appeared in [13] and later it was extended in [3] to random trans- 
formations for special potential function. In |llj . Kifer extended the variational prin- 
ciple of topological pressure for general integrable random continuous function. 

The aim of this paper is to introduce topological pressure of random bundle trans- 
formations for sub-additive potentials, and show a relativized variational principle. We 
can see it as an extension of results in [6], [11]. The paper is organized in the following 
manner: in section 2 we introduce the definitions. In section 3 we will provide some 
useful lemmas. In section 4 we will state and prove the main theorem: the relativized 
variational principle. In section 5 we will apply topological pressure of random bun- 
dle transformations for sub-additive potentials to obtain the Hausdorff dimension of 
asymptotically conformal repeller. 

2 Topological pressure and entropy of bundle RDS 

In this section, we give the definitions of entropy and the topological pressure for 
sub-additive potential. 

Denote by Vp(Q x X) the space of probability measures on Q x X having the 
marginal P on f2 and set Vp(£) = {/i G Vp(il x X) : /x(£) = 1}. Any /x G Vp(£) on £ 
disintegrates dfj,(u,x) = d[/, u (x)d¥(u) , where \i u are regular conditional probabilities 
with respect to the a— algebra formed by all sets (A x X) fl £ with A G W. This 
means that probability measure on £ u) for P — a.a.uj and for any measurable 

set R C £, P {RJ) = fi{R\Ws)i where R w = {x : (u),x) G R}, and so 

fi(R) = J fjLcj(Ru)d¥(ijj). Now let 1Z = {Ri} be a finite or countable partition of £ into 
measurable sets. Then TZ(u>) = {Ri(uj)}, Riiui) = {x G £ UJ : (uj,x) G Ri} is a partition 
of £ UJ . The conditional entropy of 1Z given the a— algebra is defined by 



where {A) denotes the usual entropy of a partition A. Let .Mp(£, T) denote the set 
of 6— invariant measures /i G Pp(£). The entropy h^(T) of the RDS T with respect 
to /i is defined by the formula 




(2.1) 




(2.2) 



/»«(T)=bu P /|W(T, Q) 



(2.3) 
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where ^ r) (T, Q)= lim ±H"„( V (e^Q I W e ) and the supremum is taken over all finite 
or countable measurable partitions Q = {Qj} of £ with H^(Q | VVg) < oo. 

n-1 

Observe that if Q = {Qj} is a partition of £, then 1Z =\J (0*) _1 <2 is a partition 

i=0 

of £ consisting of sets {-R ? } such that the corresponding partition 1Z(oj) = {Rj(u)}, 

n-1 

Rj(u) = {x : (u,x) G Rj} of 6 U has the form 72,(w) = V (^) _1 Q(^), where 

8=0 

<2(cj) = {Qj(a;)}, Qi{uj) = {x E £ u : (u, x) G Qj} is a partition of f w . So 

/»W(T, G) = lim - / H, u ( V(^)- 1 Q(^))dPM (2.4) 

^ i=0 

In [5] and [TD], the authors say that the resulting entropy remains the same if we take the 
supremum in (2.3) only over partitions Q of £ into sets Qi of the form Qi = (fix Aj) DS, 
where A = {A{\ is a partition of X into measurable sets, so that Qi(w) = A{ PI E u . 
If "& is invertible, then \x G Vp(S) is 0— invariant if and only if the disintegrations /x w 
of n satisfy T w \i^ = /i^ w P — a.s. In this case, if, in addition, P is ergodic, then the 
formula(2.4) remains true P— a.s. without integrating against P. 

For each n G N and a positive random variable e = e(u), we define a family of 
metrics d" n on £ w by the formula 

<% tn (x,y) = max (d(T*y,T*x) x (e(^))" 1 ), x,y E S u 

0<k<n 

where T° is the identity map. In [TT], the author proves that d^ n (x,y) depends mea- 
surably on (to,x,y) G £^ := {(cu,x,y) : x,y G Denote by B^n, x, e) the closed 
ball in £ w centered at x of radius 1 with respect to the metric d^ n . For df x and 
-8^(1, x,e), we will write simply d^ and B u (x,e) respectively. We say that x,y G S w 
are (u;, e, n)— close if d^ n (x,y) < 1. 

Definition 2.1. A set F C E w is said to be (uj,e,n)— separated for T , ifx,y G F,x ^y 
implies d" n (x,y) > 1. 

It is easy to see that if F is maximal (u, e, n)— separated, i.e. for every x E E^ with 
x £ F the set F U {x} is not (cu, e, n)— separated anymore, then £ u = [J x£F B^i^n, x, e). 
Due to the compactness of S^, there exists a maximal (u, e, n)— separated set F with 
finite elements. 

Let T = {f n } be a sub-additive function sequence with f n G Lg(Q, C(X)) for each 
n,. As usual for any jigN and a positive random variable e, we define 

7r r (jF)(c<j, e, n) = sup{^^ \ F is an (u,e,n) — separated subset of S^} 

x&F 
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and 



ttt(^F)(€) =limsup— / logTTT^)^, e, n)dP(u), 
7T T (JF) = lini7r T (jF)(e). 

By lemma 3.1 in section 3, we know that the definition of 7r-r(jF)(e) is reasonable. The 
last limit exists since nT(T)(e) is monotone in e. In fact, lim e ^ as above equals to 
sup e>0 . 

Remark 1. In [11], the author defined additive topological pressure for a random 
positive variable e, but the limit should be taken over some directed sets. We can find 
detailed description of difference between random and nonrandom case of e in J^j. 



3 Some Lemmas 

In this section, we will give some lemmas which will be used in our proof of the main 
theorem in the next section. 

Let J 7 , T and vtt(JF) be defined as in section 2, and (X, d) be a compact metric space. 
Notice that if /i G j\4p(£,T), then we let denote the following limit = 

lim - L f n dfi. The existence of the limit follows from a sub-additive argument. We 
begin with the following lemmas, and we point out that the proof of the first two 
lemmas can be easily obtained by following the proof in [11]. We cite here just for 
complete. 

Lemma 3.1. For any n G N and a positive random variable e = e(u) the function 
irT{J~)(u>, e, n) is measurable in to, and for each 5 > there exits a family of maximal 
(cu, e, n) separated sets G u C £ w satisfying 

e MuJ,x) > (1 - 5)MF)(u,e,n) 

and depending measurably on uj in the sense that G = {(uj,x) : x G G^} G W x Bx, 
which also means that the mapping u i— > G w is measurable with respect to the Borel 
a— algebra induced by the Hausdorff topology on the space JC(X) of compact subsets of 
X. In particular, the supremum in the definition of ttt(J-')(u), e, n) can be taken only 
over measurable in uj families of (u, e, n) -separated sets. 

Lemma 3.2. For fi,fi n G Vp(£), n = 1,2, . . . , write \i n // if J /d/i n — > f fdfi as 
n — > oo for any f G L\{fl, C{X)) that introduces a weak* topology in Pp(£). Then 
(i)the space Vp(£) is compact in this weak* topology; 
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(ii) for any sequence v k G Vp(£), k = 0, 1, 2, ... , the set of limit points in the above 
weak* topology of the sequence 



1 rt— 1 



u n = — 7 " v n as n -> oo 

fc=0 

zs no£ empty and is contained in A4p(£,T); 

(Hi) let fj,, n n G Vp(£) , n = 1, 2, . . . , and \i n =>- /i as n — > oo; Ze£ P = {Pi, P2, • • • , Pfc} 
&e a finite partition of X satisfying f /i w (<9P w )dP(c<j) = ; where = Ui=i ^(P ^ £J) 
is the boundary ofV^ = {Pi H 5^, . . . , P& fl £ u} }; denote by 1Z the partition of Q x X 
into sets Q x P { ; then 

limsupP Mn (P I W £ ) < H^U \ W e ) 
Lemma 3.3. For any k G N ; we have 

vr Tfc (P {fc) ) < A;vr T (P) 
where (T<% := 7>-i w o-oT fc oT, and := {/U^=i . 

Proof. Fix G N. Note that if F is an (u,e,n) separated set for T k of £ u , then P is 
an (u, e, fcn) separated set for T of £ 0J . It follows that 



7r T (P)(o;, e, fcn) = sup{^^ e An( w > x ) ■. F is an (cu,e,kn) separated subset of £^ for T} 

x&F 

> sup{^^ e /fcn( w > x ) ; F is an (cu,e,n) separated subset of £^ for T k } 
= n T k(J : ' k )(uj,e,n). 

It implies that vr Tfc (P fc ) < A;tt t (P). □ 
Lemma 3.4. Por any positive integer k and \i G Pp(£), we have 



„ n— 1 

kf n (iu,x)dfi<Ak 2 C+ / V/ fe (e i (cu,a;))d / i 



where C = \\fi\\. 

Proof. For a fixed fc, it has n = ks + /, < I < k. For j = 0, 1, . . . , k — 1, the 
subadditivity of f n (cu,x) implies that 

/„(", x) < fj (u, x) + f k (& (u, x)) + ■ ■ ■ + f k (Q k ^Oi (u, x)) + /^(e^-V&fax)). 
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Hence 

s-2 



/ /n(^^)d/i < f f j (u,x)dfl+ j ^/ fe (0 fc ^(cU,x))d/i+ / f k+l ^(Q k ^^(uJ,x))df, 
J S J E J S ^— q £■ 

r s-2 

< n/iii+ / E /*(© fci © , '(w,x))d^ +n/*+i-iii 

i=0 

. s-2 

< 2fc||/i||+ / E/ fe (0 fe ^(c,a;))d/i. 

-/£ „-_n 



' f 1=0 

Summing j from to fc — 1, we get 

fc(s-l)-l 



f kf n (u,x)dfi < 2k 2 C+ [ V / fc (0V,:r))d/i 

„ 71—1 „ 71—1 

= 2fc 2 c+ / ^T/ fe (ev,x))d/i- / £ / fe (e i ^,x))d/i 

i=0 i=fc(s-l) 

„ 71—1 

< 4k 2 c+ / V/ fe (e J (cu,x))d/i. 



i=0 

This finishes the proof of the lemma. □ 
Lemma 3.5. Let mS 1 ^ be a sequence in Vf{£). The new sequence {/i^}£Li is defined 

rt-l 

as fj,^ = - Yl Q lm ^ ■ Assume converges to fi in Pp(£) for some subsequence 

71 7=0 

{ni}. Then fi G A4p(£,T), and moreover 

limsup — / fni(w, x)dm' n, '(w, x) < J-*(ij) 

i— >oo rii j£ 

where F*(n) = inf{± f £ f n (u , x)dfj} . 

Proof. The first statement \x G Mp(£,T) is contained in lemma 3.2. To show the 
desired inequality, we fix k G N. By lemma 3.4, we have 

- [ f n (u,x)dm,W = f kf n (u,x)dm,W 
n J £ kn J £ 

< —{Ak 2 C+ / V/,(e J (o;^))dmW) 

j£ 3=0 

J^f k (u,x)d^ n \ 



AkC 



In particularly, we have 



x AkC 
> + . 



- / f ni (u;,x)dm^ < [ jf k (u,x)d^ n 
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Since lim = fx, we have 



limsup — / f ni (u,x)dm ( - ni) < ! -f k (u,x)dii. 

i-^oo Tli J £ J £ K 

Letting k approach infinity and applying the sub-additive ergodic theorem, we have 
the desired result. □ 



4 The statement of main theorem and its proof 

For random dynamical systems, the topological pressure for sub-additive potential also 
has variational principle which can be considered as a generalization of variational 
principle of topological pressure for sub-additive potential in deterministic dynamical 
systems in Next we give a statement of main theorem and its proof. 

Theorem 4.1. Let be a continuous bundle random dynamical systems on S, and J- 
a sequence of sub-additive random continuous functions in L\{VL,C(X)) . Then 



— oo, if JF^/i) = — oo for all fi G A4p(£,T) 

snp{h^\T) + JF^/i) : jj, G -Mp(£, T)}, otherwise. 



Proof. For clarity, we divide the proof into three small steps: 

Step 1: n T (F) > h^ ] {T) + ^(/i) , V/i G M\{S,T) with ^(/i) ^ -oo. 

Let /i G .Mp(£,T) satisfying ^ — oo and A = {Ai,...,A k } be a finite 

partition of X. Let a > be given. Choose e > so that eklogk < a. Denote by 
A{uj) = {Ai(u), . . . , Ak(u)}, Ai(cj) = AidSuj, i = 1, . . . , k, the corresponding partition 
of S^. By the regularity of li, we can find compact sets B^ C Ai, 1 < i < k, such that 



li(Ai \Bt) = J fiUMuj) \ Bi(u))6P(u) < e, 
where Bi(uj) = B { R E w . Then let B (u) = \ U i=1 Bi{uo). It follows that 

M£oM)dP(cu) < ke. 



Therefore (see jTU] p. 79) the partition B(u) = {B (u), . . . , B k {oj)} satisfies the inequal- 
ity 

H^(A(u) | B(u)) < M^oM) log A;. 

Hence 

H^(A{uj) | B(u))dF < / n w {B Q {u)) log MP < fcelogfc < a. 



Take any uj such that £ w makes sense, and set b = min d(Bi, Bj) > 0. Pick 5 > 
so that 5 < 6/2. Let jiGN. For each C G B n (uo) := V?=o( T ^) _1 ' B (^ J 'M)> choose some 



x{C) G Closure(C) such that f n (u,x(C)) = sup{f n (u, x) : x G C}, and we claim that 
for each C G B n (u>), there are at most 2 n many different C"s in B n (uj) such that 

^ B (x(C7),x(C)) := max d(T^x(C), Z^C))*" 1 < f. 

0<j<n— 1 

To see this claim, for each C G B n {u) we pick up the unique index (i (C), ii(C), z n _x(C)) 
G {0, 1, k} n such that 

C = b mc) (uj) n (r,;)- 1 ^^^) n ra- 1 ^)^) n ... n (ir 1 )" 1 ^^^ 1 *.;). 

Now fix a C G £>„(cg>) and let 3^ denote the collection of all C G B n {uj) with 

d£ n (x(C),z((7)) <1. 

Then we have 

#{n(C) : C G y} < 2, Z = 0, 1, n - 1. (4.5) 

To see this inequality, we assume on the contrary that there are three elements C\,Ci,C% G 
y corresponding to the distinct values ii(C\) ,ii(C 2 ) ,ii(Cs) for some < I < n — 1 re- 
spectively. Then without loss of generality, we may assume ii(Ci) ^ and ii{C 2 ) ^ 0. 
This implies 

d^MC&xfa)) > diTlx^X^C^d- 1 >d(S. (c - i) (^o;), J B. ((?2) (^a;))r 1 

> rf( J B J;(c - i))J B l;((?2) )r 1 >M- 1 >2 

> dtJxtf&xip)) + d% n (x(C),x(C 2 )). 

Which leads to a contradiction, thus (14. 5B is true, from which the claim follows. The 
third inequality follows from the fact that B^A^uj) = B^g^ n £qi w C B^^Jj = 
1,2). 

In the following we will construct an (u;, 5, n)— separated set G of ^ for T such that 

(I) Take an element C\ G B n (u) such that f n (u,x(Ci)) = maxces n (cj) f n (u,x(C)). 
Let denote the collection of all C G S n (a>) with d^ n {x{C), x(Ci)) < 1 . Then the 
cardinality of does not exceed 2 n . 

(II) If the collection B n {uj) \ y x is not empty, we choose an element C 2 G B n {uj) \ 3\ 
such that f n (u,x(C 2 )) = maxceB n (u)\yi fn^i X {C))- Let y 2 denote the collection of 
C G B n {oj) \ y\ with d$ n (x(C) , x(C 2 )) < 1. We continue this process. More precisely 

m—l 

in step m, we choose an element C m G B n {uj) \ |J 3j such that 

f n (w,x(C m )) = max f n (w,x(C)). 

m — l 

CeB n (u)\ U 3>j 
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„ m— 1 _ 

Let y m denote the set of all C G B n {u) \ [j with d^ n (x(C), x(C m )) < 1. Since 

the partition B n (u) is finite, the above process will stop at some step /. Denote G = 
{x{Cj) : 1 < j < I}. Then G is a (uj, 5, n)— separated set and 

i i 

y^ e /n(w,») _ y^g/nK^C,-)) > ^2 _n e fn(u>,x(C)) _ 2 -" e /„(^,x(C)) ; 

2/eG i=i j=i Ce^ CeS„M 

from which (14.61) follows. 
Let /i G A4(£,T). Then 



< 



H^(B n (uj))+ f n (u,x)dfi u (x) 



^(C)(/>,x(C))-log// w (C)) 
CeS„(w) 

< log ^ e /»(«.*(C0) 

< log2 n ^e / ' l( ^ ) 

= nlog2 + log^e / " ( "' J/) , 

y eG 

the second inequality follows from the standard inequality: — logp;) < log£e ai 

for any probability vector (pi,p 2 , ...,Pm), and the equality holds if and only if pi = 
e ai /Se aj . Integrating against P on both sides of the above inequality, and dividing by 
n, we have 

- / H flu (B n (u))d¥{iu) + - / f n (u,x)dfj,(u,x)<h g 2 + - / logVe^^dP^) 
n J n J n J z — ' 

y£G 



Letting n — > oo, we obtain 

h W (T, n x B) + (//) < log 2 + 7r r (.F) (5) . 
Using corollary 3.2 in [3], we have 

/^(T, x .A) + Kbi) < h ( r\T, VlxB) + J H^{A{uo) | B(co))d¥ + ^(/i) 

< \og2 + a + n T (F)( y 5). 

Since this is true for all A , a and 5, we know 

^(T)+^)<log2 + 7r r (.F)- 
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Applying the above argument to T n and jF( n ), since a£ (T n ) = nh^(T) (see theorem3. 6 
in [3]), and using lemma 3.3, we obtain 



n{hV(T)+K(tj)) < log2 + 7r T n(^W) 

Since n is arbitrary, we have hp (T) + < 7r T (jF). 

Step 2: If 7r r (jF) ^ — oo, then for any small enough e > 0, there exists a /i G 
A4J(£,T) such that :F*(/i) ^ -oo and hfi (T) + > ir T (F){e)- 

Let e > be an arbitrary small number such that 7r^(jF)(e) 7^ —00. For any fiGN, 
due to lemma 3.1, we can take a measurable in family of maximal (o>, e, n) separated 
sets G(u, e, n) C £ u such that 

J] e fn ^ > -ir T (F)(u,e,n). (4.7) 
Next, define probability measures on 8 via their measurable disintegrations 

(n) = ^xgG(^,€,») e °z 
Z-^y€G(uj,e,n) c 

where £ x denotes the Dirac measure at x, so that di/ n )(u;, a;) = dt^^dP^), and set 

n ^ 

8=0 

By the definition of 7Pr(jF)(e) and lemma 3.2 (i)-(ii), we can choose a subsequence of 
positive integers {rij} such that 

lim — / logn T ( J^(u,e,Tij)dP(u) = 7r T (.F)(e) and /i (nj) fi as j -> 00 (4.8) 

for some // G 7Vlp(£, T). 

Now we choose a partition A = {Ai, . . . , A^} of X with diam(^4) := max{diam(A,) : 
1 < j < k} < e and such that J /4,(cL4j)dP(u;) = for all 1 < i < k, where d denotes 
the boundary. Set A{uS) = {Ai(u), . . . , Ak(ui)}, Ai(u>) = Ai n£ u ,l < i < k. Since 

n-1 

each element of \/ (T^) _1 ^4(i? l a;) contains at most one element of G(u,e,n), we have 

i=0 
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by gZZD, 

n— 1 „ 

# tn)(Vro^(^))+ / /„(w,x)dt;W(x) 
i=o ^ 

= E v{ f({y})(fn(",y)-iogv^({y})) 

= log E e /n(w ' 1 ' ) 
> log7r T (.F)(a;,e,n) - 1. 

Let £> = {Si, . . . , -Bj = (fi x A,) Pl£. Then £> is a partition of £ and Bi(u) = {x G 
£ w : (cj,x) G Sj} = Aj(o;). Integrating in the above inequality against P and dividing 
by n, we have by (2.2) the inequality 

n— 1 

-H vW {\l {&)~ X B \We) + - [ fndv^ > - I logvr T (^)(^, e ,n)dPM - I. (4.9) 

Consider q, n G N such that 1 < g < n and for < I < q and let a(l) denote the integer 
part of (n — l)q _1 , so that n — I + a(l)q + r with < r < q. Then 

rt-l o(0-l g-1 

Y(e i )- 1 s = ( \J (e^)- 1 yt&y'B) v V (e" 1 )- 1 ^ 

i=0 j=0 i=0 mgS, 

where S/ is a subset of {0, 1, ...,n — 1} with cardinality at most 2q. Since cardi3 = k, 
taking into account the subadditivity of conditional entropy (see [TO], section 2.1) it 
follows that 

n-1 a(l)-l g-1 

i=0 j=0 i=0 

Summing here over I G {0, 1, . . . , q — 1}, we have 

n—1 n— 1 q—1 

qH v{n) {\J{Q i )- l B\W e ) < H e-v^(\/ (^T'B \ W £ ) + 2q 2 logk 

i=0 m=0 i=0 

g-i 

< nH fl(n) (\/(Q l )- 1 ^\m) + 2q 2 \ogk 

i=0 

where the second inequality relies on the general property of the conditional entropy 
of partitions Hj2 iPiVi (£, I 7fy > ^2iPi^vt(^ I ^) which holds for any finite partition £, 
cr— algebra 7?., probability measures % and probability vector (pi),i = 1, . . . , n, in view 
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of the convexity of tlogt in the same way as in the unconditional case(see [IT], pp. 183 
and 188). Dividing by nq in inequality as above, we have 

71 i=0 1 i=0 U 

In particularly, we have 

\/ (Q^B I We) < -H^OsJiWy'B I We) + (4.10) 

Ui 3=0 q 3=0 Hi 

I- 1 

Observe that the boundary of V {T^) l A{'& l u) is contained in the union of bound- 

8=0 

aries of (T^A^co) and ^((T^dA^uo)) = ^(dA^u^F-a.s.. /i G M\{E, T) 
implies that n u (d \J (Tfy^A^u)) = P — a.s. Taking into account lemma 3.2(iii), 

i=0 

we have 

limsup-i? MK) (\/(e^)- 1 B | W £ ) < -H^yi&y'B \ W £ ). 

9 i=o g i=o 

Letting i approach oo in (14.101) . we have 

J»i — 1 1 9-1 

limsup-^ K )( yi&y'B I W £ ) < -HpCS/W^B \ W £ ). (4.11) 

From lemma 3.5, we know 

limsup - / /„W ni) < ^(/x). (4.12) 

Combining (JUS]) , (JUSD , dHHJ) with (f4TT2|) . we obtain 

1 9-1 



j=0 

Letting g — > oo, we have 

M?)® < hP(T,B) + K(») < hV(T)+KM. 

This completes the proof of step 2. 

Step 3: TTriJ 7 ) = — oo if and only if -F*(/x) = — oo for all /i 6 .M P (£,T). 

By step 1 we have kt{F) > hp(T)+!F*(ii) for all /i G -Mp(£, T) with .F*(/i) 7^ —00, 
which shows the necessity. The sufficiency is implied by step 2 (since if ht{F) 7^ — 00, 
then by step 2 there exists some \i with J-*(n) 7^ —00). This completes the proof of 
the theorem. □ 
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5 The Hausdorff dimension for asymptotic confor- 
mal repellers 



In this section, we consider the Hausdorff dimension for repeller in random dynamical 
system(RDS). Precisely, fix an ergodic invertible transformation •& of a probability 
space (Q, W, P) and let M be a compact Riemann manifold. We consider a measurable 
family T = {T^ : M — > M} of C 1 maps, i.e. (u, x) \— > T^x is assumed to be measurable. 
This determines a differentiable RDS via T™ = T#n-i w ■ ■ ■ T^T^, n > 1. ^ C fi x M is 
a measurable set and such that all the fibers ( sometimes called u;-sections ) £^ = {x G 
X | (a;, x) G £} are compact. £ is said to be invariant with T if T^f^ = £^ F — a.s. In 
[12j . the authors consider the Hausdorff dimension for repeller in C 1+a conformal 
random dynamical system. They prove that, if is C 1+a conformal for F — a.s and 
£ C f2 x M is a repeller which is invariant with T for random dynamical system, 
then the Hausdorff dimension can be obtained as the zero to of 1 1— > 7ry(— tlog ||£) Z T||), 
where itt{— t log \\D X T\\) is topological pressure for random dynamical system T with 
additive potential — £log ||D X T||. 

A repeller is called conformal if for F—a.s is conformal. In some sense, conformal- 
ity in random dynamical systems is strong. Now we give a definition of asymptotically 
conformal repeller, which is weaker than conformal repeller. Let Aip(£) be the set of T 
invariant probability measures on £ whose marginal on Q coincides with P and Ef{£) 
be the set of T invariant ergodic probability measures on £ whose marginal on Q coin- 
cides with P. By the Oseledec multiplicative ergodic theorem [TJ], for any \i G £7p(£), 
we can define Lyapunov exponents < A 2 (/i) < ■ ■ ■ < A^(/i), d = dimM. An in- 

variant repeller for random dynamical system is called asymptotically conformal if for 
any /i G Ey>(£), Ai(/i) = A2(/i) = • • • = Ad(/i). It is obvious that a conformal repeller is 
an asymptotically conformal repeller, but reverse isn't true. Using topological pressure 
of random bundle transformations in sub-additive case, we can obtain the Hausdorff 
dimension for asymptotically conformal repeller. We state the result as follows, and 
the proof will be given in the forthcoming paper. 

Theorem 5.1. Let T be C l+a random dynamical system and £ be an asymptotically 
conformal repeller. Then the Hausdorff' dimension of £ is zero t* of t i— > TXT{—tT), 
where T = {\ogm(D x T™) } (u,x) G £,n G N} and m(A) = 

Remark 2. If £ isn't asymptotically conformal repeller, we can obtain the upper esti- 
mate of the Hausdorff dimension by using topological pressure of random bundle trans- 
formations in sub- additive case. 
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